Gorenstein Homological Dimensions and Abelian Model Structures by Pérez, Marco
ar
X
iv
:1
21
2.
15
17
v3
  [
ma
th.
CT
]  
21
 M
ay
 20
14
Gorenstein homological dimensions
and Abelian model structures
Marco A. Pe´rez B.
De´partement de Mathe´matiques.
Universite´ du Que´bec a` Montre´al.
marco.perez@cirget.ca
July 17, 2018
Abstract
We construct new complete cotorsion pairs in the categories of modules and chain complexes
over a Gorenstein ring R, from the notions of Gorenstein homological dimensions, in order to
obtain new Abelian model structures on both categories. If r is a positive integer, we show
that the class of modules with Gorenstein-projective (or Gorenstein-flat) dimension ≤ r forms
the left half of a complete cotorsion pair. Analogous results also hold for chain complexes over
R. In any Gorenstein category, we prove that the class of objects with Gorenstein-injective
dimension ≤ r is the right half of a complete cotorsion pair. The method we use in each case
consists in constructing a cogenerating set for each pair. Later on, we give some applications of
these results. First, as an extension of some results by M. Hovey and J. Gillespie, we establish
a bijective correspondence between the class of differential graded r-projective complexes and
the class of modules over R[x]/(x2) with Gorenstein-projective dimension ≤ r, provided R is
left and right Noetherian with finite global dimension. The same correspondence is also valid
for the (Gorenstein-)injective and (Gorenstein-)flat dimensions.
1 Introduction
One of the topics studied in homological algebra is the notion of projective, injective and flat modules
over R, where R is an associative ring with identity. One interesting property is the existence of
projective resolutions and injective coresolutions that allow us to define the projective and injective
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dimension of every module. In the particular case where R is a Gorenstein ring, another type of
homological algebra can be developed in RMod, the category of left R-modules, via the notions of
Gorenstein-projective and Gorenstein-injective modules. This context suits very well to appreciate
the connection existing between model category structures and the theory of cotorsion pairs, which
was described by M. Hovey.
Theorem 1.1 (M. Hovey, [12, Theorem 2.2]). Let C be a bicomplete Abelian category. If (A,B∩D)
and (A ∩ D,B) are two compatible cotorsion pairs, such that the class D is thick, then there exists
a unique Abelian model structure on C such that A is the class of cofibrant objects, B is the class of
fibrant objects, and D is the class of trivial objects.
Conversely, if C is equipped with an Abelian model structure where Cof , Fib and T denote the classes
of cofibrant, fibrant and trivial objects, respectively, then (Cof ∩ T ,Fib) and (Cof ,Fib ∩ T ) are two
compatible and complete cotorsion pairs.
As an application of this result, to which we shall refer as Hovey’s correspondence, the same Hovey
proved that the class of Gorenstein-projective modules forms the left half of a complete cotorsion
pair (see [12, Theorem 8.3]), in order to obtain a unique Abelian model structure on RMod where
such modules form the class of cofibrant objects, and the trivial objects are given by the modules
with finite projective dimension. Hovey also proved the existence of another model structure with
the same trivial objects, and where a module is fibrant if, and only if, it is Gorenstein-injective
(See [12, Theorem 8.6]). We shall refer to these model structures as Gorenstein-projective and
Gorenstein-injective model structures, respectively.
One of the goals of this work is to extend Hovey’s results to any Gorenstein-homological dimension
and also to the category of chain complexes over R, applying Hovey’s correspondence. Specifically, if
R is an n-Gorenstein ring and if 0 < r ≤ n is an integer, then we show that the class GPr of modules
with Gorenstein-projective dimension at most r is the left half of a cotorsion pair (GPr, (GPr)
⊥)
cogenerated by a set, and so complete. On the other hand, the class Pr of modules with projective
dimension bounded by r is also the left half of another cotorsion pair (Pr, (Pr)
⊥) cogenerated by a
set. These two pairs turn out to be compatible, and so we obtain the model structure described in
Theorem 4.1. We also show that the same model structure exists on the category Ch(RMod) of
chain complexes.
Concerning the dual notion of Gorenstein-injective dimension, we shall show that the class GIr(C)
of objects in a locally Noetherian Gorenstein category C with Gorenstein-injective dimension ≤ r, is
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the right half of a complete cotorsion pair (⊥(GIr(C)),GIr(C)). For the case r = 0 and C = RMod,
with R a Gorenstein ring, Hovey proved that the set of all S ∈ Ωi(J), with i ≥ 0 and J running
over the set of indecomposable injective modules, is a cogenerating set of (⊥(GI0),GI0). We shall
show that the objects S ∈ Ωi(J), with i ≥ r and J running over the set of indecomposable injective
objects of C, provide a cogenerating set for (⊥(GIr(C)),GIr(C)).
With respect to the Gorenstein-flat dimension, Hovey along with J. Gillespie found a new Abelian
model structure on RMod where the cofibrant objects are given by the Gorenstein-flat modules,
the fibrant objects by the cotorsion modules, and the trivial objects by the modules with finite flat
dimension. In order to extend this model structure to the class GF r of modules with Gorenstein-
flat dimension bounded by r, we shall show that for every M ∈ GFr it is possible to have a
filtration by the set of all N ∈ GFr such that Card(N) ≤ κ, where κ is an infinite cardinal with
κ > Card(R). During the process, we redefine the notion of pure sub-modules for the context of
Gorenstein homological algebra. The latter result is motivated by the fact that every module in the
class Fr of modules with flat dimension ≤ r has a filtration by the set of N ∈ Fr with cardinality
≤ κ (see [16, Lemma 6.1]). It shall follow that (GFr, (GFr)
⊥) and (Fr, (Fr)
⊥) are two complete and
compatible cotorsion pairs, and hence Hovey’s correspondence yields the model structure described
in Theorem 5.5. To extend this model structure to the category of chain complexes, we shall
consider cotorsion pairs in Ch(RMod) where orthogonality is defined with respect to the functor
Ext
1
Ch(RMod)(−,−), the first right derived functor of Hom(−,−), the internal Hom in the closed
monoidal category (Ch(RMod),⊗), where ⊗ is the bar-tensor product considered by Gillespie in
[8] to obtain the flat model structure.
There is a connection between the projective model structure on Ch(RMod) described in [13,
Section 2.3] and Hovey’s Gorenstein-projective model structure on modules over the Z-graded ring
R[x]/(x2). Specifically, there is a bijective correspondence between the class of differential graded
projective complexes (cofibrant objects of the former model structure) and the class of Gorenstein-
projective R[x]/(x2)-modules (cofibrant objects of the latter model structure), provided R is a left
and right Noetherian ring with finite global dimension (See [9, Propositions 3.6, 3.8 and 3.10]).
This correspondence also appears in the injective and flat cases. We extend this result to any
homological dimension, i.e. we shall see (in Theorem 6.1) that the class of differential graded r-
projective complexes (cofibrant objects of the r-projective model structure constructed in [16]) is in
bijective correspondence with the class of modules with Gorenstein-projective dimension at most r
(cofibrant objects of the model structure described in Theorem 4.1).
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2 Preliminaries
In this section we present some preliminary notions and known facts in order to set some of the
notation we shall use and the background we shall need. Since this work in influenced by Hovey’s
correspondence, we consider pertinent to recall first the terminology appearing in its statement.
A model category is given by a bicomplete category C, together with three classes of maps in C,
called the cofibrations, fibrations and weak equivalences, satisfying the following axioms:
(1) Given a commutative diagram
X A
Y B
f gd
where f is a cofibration, g is a fibration, and where either f or g is a weak equivalence, then
there exists a diagonal filler d making the inner triangles commutative.
(2) Every map h in C can be factored as h = g ◦ f = g′ ◦ f ′, where f is cofibration and a weak
equivalence, f ′ is a cofibration, g is a fibration, and g′ is a fibration and a weak equivalence.
(3) Let f and g be two maps in C such that the composition g ◦ f makes sense. If two out of three
of the maps f , g and g ◦ f are weak equivalences, then so is the third.
Let 0 and 1 be the initial and terminal objects of C, respectively. An object X in C is said to be
cofibrant if the map 0 −→ X is a cofibration. Fibrant objects are defined dually. Finally, X is said
to be trivial if 0 −→ X is a weak equivalence.
The book [13] is a good introduction to the theory of model categories. In this reference, factoriza-
tions in Axiom (2) are assumed to be functorial. We shall consider functorial factorizations in this
work, since models structures obtained from Hovey’s correspondence satisfy that extra condition.
The triplet formed by the above three classes of maps is known as a model structure on C. We are
interested in a special type of model structures on Abelian categories, known as Abelian model struc-
tures, first defined by M. Hovey in [12], and that satisfy the following conditions:
(1) f is a cofibration (and a weak equivalence) if, and only if, f is a monomorphism with cofibrant
(and trivial) cokernel.
(2) f is a fibration (and a weak equivalence) if, and only if, f is an epimorphism with fibrant (and
trivial) kernel.
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Two classes of objects A and B in an Abelian category C form a cotorsion pair (A,B) if
A = ⊥B := {A ∈ Ob(C) : Ext1C(A,B) = 0, for every B ∈ B}, and
B = A⊥ := {B ∈ Ob(C) : Ext1C(A,B) = 0, for every A ∈ A}.
• The pair (A,B) is said to be complete if for every object X ∈ Ob(C) there exist exact sequences
0 −→ B −→ A −→ X −→ 0 and 0 −→ X −→ B′ −→ A′ −→ 0 where A,A′ ∈ A and B,B′ ∈ B.
• If S ⊆ A is a set such that B = S⊥, then the pair (A,B) is said to be cogenerated by S. By
the Eklof and Trlifaj Theorem, every cotorsion pair cogenerated by a set is complete (See [3,
Theorem 10]1).
• Let M be a left R-module. We recall that a family (Mα)α<λ of sub-modules of M , indexed
by some ordinal λ, is a continuous chain of M if:
(1) M0 = 0 and M =
⋃
α<λMα.
(2) Mα ⊆Mα′ whenever α ≤ α
′.
(3) Mβ =
⋃
α<βMα for every limit ordinal β < λ.
Let (Mα)α<λ be a continuous chain of M and S be a set of left R-modules. Then (Mα)α<λ
is said to be an S-filtration of M if Mα+1/Mα is isomorphic to an element in S for every
α+ 1 < λ. The module M is said to be S-filtered.2
If (A,B) is a cotorsion pair and S ⊆ A is a set such that every object in A is S-filtered, then
(A,B) is cogenerated by S (See [16, Proposition 2.1]).
Two cotorsions pairs of the form (A,B ∩ D) and (A ∩D,B) are called compatible.
A class of objects A in C is said to be thick if it is closed under retracts, and if for every short exact
sequence 0 −→ A′ −→ A −→ A′′ −→ 0, if two out of three of the terms A′, A and A′′ are in A, then
so is the third. For example, the class E of exact chain complexes is thick, and so is the class W of
R-modules with finite projective dimension, provided R is a Gorenstein ring.
We conclude this section recalling some constructions and functors in the category of chain com-
plexes over a ring. Given two chain complexes X ∈ Ch(ModR) and Y ∈ Ch(RMod), the
standard tensor product complex X⊗Y is the chain complex (of Abelian groups) given at each nth
term by (X ⊗ Y )n :=
⊕
k∈ZXk ⊗R Yn−k, whose the boundary maps are defined by ∂
X⊗Y
n (x⊗ y) :=
∂Xk (x) ⊗ y + (−1)
kx ⊗ ∂Yn−k(y), for every x ⊗ y ∈ Xk ⊗ Yn−k. This construction defines a functor
1Although this result was originally proven in [3, Theorem 10] for the category of modules, it is also valid in every
Grothendieck category, as specified in [10, Remark 3.2.2 (b)].
2Continuous chains and filtrations of complexes are defined in the same way.
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− ⊗ −, from which one constructs left derived functors Tori(−,−). The bar-tensor product of X
and Y is the chain complex X⊗Y of Abelian groups given by (X⊗Y )n := (X ⊗ Y )n/Bn(X ⊗ Y ),
for every n ∈ Z, whose boundary maps are given by ∂X⊗Yn (x⊗ y) := ∂X(x)⊗ y. We denote the left
derived functors of −⊗− by Tori(−,−).
Now let X and Y be two chain complexes in Ch(RMod). The complex Hom
′(X,Y ) in Ch(RMod)
is defined by Hom′(X,Y )n :=
∏
k∈ZHomR(Xk, Yn+k), for every n ∈ Z. The boundaries are given
by ∂
Hom′(X,Y )
n (f) := (∂Yk+n ◦ fk − (−1)
nfk−1 ◦ ∂
X
k )k∈Z, for every f = (fk)k∈Z ∈ Hom
′(X,Y )n.
From Hom′(X,Y ) one constructs the bar-Hom complex Hom(X,Y ) by setting Hom(X,Y )n :=
Zn(Hom
′(X,Y )), for every n ∈ Z. The boundary maps are given by ∂Hom(X,Y )n (f) := (∂Yk+n ◦fk)k∈Z,
for every f = (fk)k∈Z ∈ Hom(X,Y )n. Notice that for n = 0 we have ∂
Y
k ◦ fk = fk−1 ◦ ∂
X
k , i.e. f is
a chain map and Hom(X,Y )0 = Hom(X,Y ). For n = 1, ∂
Y
k+1 ◦ fk + fk−1 ◦ ∂
X
k = 0, i.e. f is a chain
homotopy from 0 to 0. Every f = (fk)k∈Z ∈ Zn(Hom
′(X,Y )) is known as a map of degree n. We
denote the right derived functors of Hom(−,−) by Ext
i
(−,−).
Definition 2.1. Recall that if M is a left R-module, the Pontryagin or character module of M is
the right R-module M+ = HomZ(M,Q/Z).
Given a chain complex X = (Xm, ∂
X
m)m∈Z in Ch(RMod), the Pontryagin or character complex of
X is the complex X+ in Ch(ModR) given by (X
+)m := HomZ(X−m−1,Q/Z), where the boundary
maps are defined by ∂X
+
m := (−1)
m−1HomZ(∂
X
−m,Q/Z).
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Definition 2.2. Let C be an Abelian category and C ∈ Ob(C). The mth sphere complex centred
at C, denoted Sm(C), is defined by (Sm(C))m := C and (S
m(C))k := 0 if k 6= m. The mth disk
complex centred at C, denoted Dm(C), is defined by (Dm(C))k := C if k = m or m − 1, and 0
otherwise, where the boundary map ∂
Dm(C)
m is the identity idC .
Proposition 2.1. X+ ∼= HomZ(X,D
0(Q/Z).
Proof. First, notice that
Hom′(X,D0(Q/Z))m = HomZ(X−m−1,Q/Z)×HomZ(X−m,Q/Z),
Hom′(X,D0(Q/Z))m−1 = HomZ(X−m,Q/Z)×HomZ(X−m+1,Q/Z).
Every f = (fk)k∈Z ∈ Hom(X,D
0(Q/Z))m has the form f = (· · · , 0, f−m−1, f−m, 0, · · · ). Now
suppose ∂
Hom(X,Y )
n (f) = 0. Then we have ∂
D0(Q/Z)
k+m ◦ fk − (−1)
mfk−1 ◦ ∂
X
k = 0 for every k ∈ Z. In
3We differ from the definition given in [6, Theorem 4.1.3 (4)], although we use the same notation X+.
6
particular, 0 = f−m ◦ ∂
X
−m+1 and f−m = (−1)
mf−m−1 ◦ ∂
X
−m. Define a map
ϕm : Hom(X,D
0(Q/Z))m −→ (X
+)m = HomZ(X−m−1,Q/Z)
by setting ϕm(f) := (−1)
mf−m−1 for every m ∈ Z. Using the previous two equalities, it is
easy to check that the family of maps ϕ := (ϕm)m∈Z defines an isomorphism of chain complexes
Hom(X,D0(Q/Z)) −→ X+.
The following proposition can be proven by considering long exact sequences of Ext
i
(−,−) and
Tori(−,−), and applying the corresponding natural isomorphisms given in [6, Proposition 4.2.1].
Proposition 2.2. Let X and Y be two chain complexes over ModR and RMod, respectively. For
every i > 0, we have the following isomorphisms of complexes:
(1) Ext
i
(X,Y +) ∼= Tori(X,Y )
+.
(2) Tori(X,Y ) ∼= Tori(X,Y ), provided R is a commutative ring.
3 Gorenstein-projective and Gorenstein-injective objects in
Gorenstein categories
In this section we study the concepts of Gorenstein-projective and Gorenstein-injective objects in
Gorenstein categories, which are a sort of generalization of the category of modules over a Gorenstein
ring. We start recalling the notions of left and right dimensions with respect to a class of objects in
an Abelian category.
Definition 3.1. Given a class of objects F of an Abelian category C, we shall say that an object
X is a left n-F -object if there is an exact sequence
0 −→ Fn −→ Fn−1 −→ · · · −→ F1 −→ F0 −→ X −→ 0,
where Fi ∈ F for every 0 ≤ i ≤ n. If n is the smallest integer for which such a sequence exists, then we
say that X has left F -dimension equal to n. If such an integer n does not exist, we shall say instead
that X has infinite left F -dimension. Dually, one defines right n-F -objects and right F -dimensions.
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Let Pn(C) and In(C) denote the classes of (left) n-projective and (right) n-injective objects of C,
respectively. For the category RMod, Fn shall denote the class of n-flat modules. For simplicity,
we shall write Pn(RMod) = Pn and In(RMod) = In. We shall denote by pd(X), id(X) and
fd(X) the projective, injective and flat dimension of an object X (say a module or a chain complex),
respectively.
Definition 3.2 (See [5, Definition 2.18]). A Grothendieck category C is said to be a Gorenstein cate-
gory if the following conditions are satisfied:
(1) For any object X of C, pd(X) <∞ if, and only if, id(X) <∞.
(2) FDP (C) := sup{pd(X) : pd(X) <∞} <∞ and FDI(C) := sup{id(X) : id(X) <∞} <∞.
(3) C has a generator of finite projective dimension.
Let C be a Gorenstein category and W(C) denote the class of objects of C with finite projective
dimension. Notice that W(C) is thick. In the case C = RMod, we shall write W(RMod) =W .
Remark 3.1. Every Gorenstein category has enough projective objects. For let X ∈ Ob(C) and
G be a generator of C of finite projective dimension, say n. Then by [15, Lemma 2, Section 2.10]
there exists an epimorphism G(I) ։ X , where G(I) denotes the direct sum of copies of G over the
set I = HomC(G,X). On the other hand, there exists a projective object P and an epimorphism
P ։ G. Then we get an epimorphism P (I) ։ X , where P (I) is a projective object. It follows by
[15, Lemma 2, Section 2.10] again, that P is a projective generator of C, so condition (3) in the
previous definition can be replaced by (3’): C has a projective generator.
We recall that a ring R (not necessarily commutative) is called a Gorenstein ring if it is both left
and right Noetherian, and it has finite injective dimension as either a left or right R-module. It
can be shown that over such a ring, the injective dimensions of R as a left and right R-module
coincide to some nonnegative integer, say n. Moreover, if R is a Gorenstein ring, then conditions
pd(M) ≤ n, pd(M) < ∞, id(M) ≤ n, id(M) < ∞, fd(M) ≤ n and fd(M) < ∞ are equivalent, for
every (left or right) R-module M . This fact was proven by Y. Iwanaga, and it is after him that
Gorenstein rings are also known as n-Iwanaga-Gorenstein rings. The reader can see the details in
[4, Theorem 9.1.10]. It follows by the previous comments that if R is a Gorenstein ring, then RMod
is a Gorenstein category. We give two more examples of Gorenstein categories below.
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Example 3.1.
(1) Recall that a ring R is called a quasi-Frobenius ring if the classes of projective and injective
left (or right) R-modules coincide. Every quasi-Frobenius ring R is a 0-Gorenstein ring, and
so RMod is a Gorenstein category.
(2) Consider the category RMod where R is a field K. So RMod = VectK is the category of
K-vector spaces. Since every vector space is projective and injective, K is a quasi-Frobenius
ring and VectK is a Gorenstein category.
Before giving another example of a Gorenstein category, we recall from [8, Definition 3.3] that if A
is a class of objects in an abelian category C, then a complex X in Ch(C) (the category of chain
complexes over C) is said to be an A-complex if X is exact and Zm(X) ∈ A for every m ∈ Z. The
class of A-complexes is denoted by A˜. In [16, Proposition 3.1], it is proven that I˜n(C) = In(Ch(C))
if C has enough injectives. Dually, P˜n(C) = Pn(Ch(C)) if C has enough projectives. Moreover, F˜n
is the class of (left) n-flat complexes.
Example 3.2. If C is a Gorenstein category, then so is Ch(C). For conditions (1) and (2) of
Definition 3.2, it suffices to notice that if X is a complex with finite projective dimension, then
X ∈ P˜n(C), for n = FDP (C). To check condition (3’), if G is a projective generator of C, then notice
that
⊕
m∈ZD
m(G) is a projective generator of Ch(C). In particular, Ch(RMod) is a Gorenstein
category if R is a Gorenstein ring.
Now we recall the definition of Gorenstein-projective and Gorenstein-injective objects. Later in
Section 5, we shall recall the notions of Gorenstein-flat modules and complexes.
Given an Abelian category C and a class F of objects of C, we recall from [4, Definition 8.1.1] that
a chain complex X over C is HomC(F ,−)-exact if the complex
HomC(F,X) = · · · −→ HomC(F,X1) −→ HomC(F,X0) −→ HomC(F,X−1) −→ · · ·
is exact, for every F ∈ F . The notion of HomC(−,F)-exact complexes is dual.
Definition 3.3 (See [5, Definition 2.19]). An object X of an Abelian category C is Gorenstein-
projective if there exists an exact sequence · · · −→ P1 −→ P0 −→ P
0 −→ P 1 −→ · · · of pro-
jective objects which is HomC(−,P0(C))-exact and such that X = Ker(P
0 −→ P 1). Dually, X
is Gorenstein-injective if there exists an exact sequence · · · −→ I1 −→ I0 −→ I
0 −→ I1 −→ · · ·
of injective objects which is HomC(I0(C),−)-exact and such that X = Ker(I
0 −→ I1). We de-
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note by GP0(C) and GI0(C) the classes of Gorenstein-projective and Gorenstein-injective objects,
respectively.
In [5, Theorems 2.24 and 2.25], it is proven that W(C) is the right and left half of two complete
cotorsion pairs (GP0(C),W(C)) and (W(C),GI0(C)) in a Gorenstein category C. The proofs given
there consist in constructing for every X ∈ Ob(C) an exact sequence 0 −→ W −→ C −→ X −→ 0
with C ∈ GP0(C) and W ∈ W(C), and in showing that (W ,GI0(C)) is a small cotorsion pair.
Moreover, cogenerating sets for these pairs were provided by M. Hovey in the case C = RMod, with
R an n-Gorenstein ring. On the one hand, if T denotes the set of all n-syzygies in Ωn(R/I), where
I runs over the set of left ideals of R, then T cogenerates (GP0,W) (See [12, Theorem 8.3]). On
the other hand, if S denotes the set of all modules S ∈ Ωi(J), where i ≥ 0 and J runs over the set
of indecomposable injective modules, then S cogenerates (W ,GI0) (See [12, Theorem 8.4]). These
two results can be stated for any Gorenstein category C satisfying certain conditions. Let G be a
(projective) generator of G. By [11, Lemme 1, page 136], an object Y in C is m-injective if, and only
if, Extm+1C (G/J, Y ) = 0 for every sub-object J of G. Notice also that there exists a nonnegative
integer N such that W(C) = IN (C). On the other hand, GP0(C) =
⊥(W(C)) by [5, Theorem 2.25].
Hence (GP0(C),W(C)) = (
⊥(IN (C)), IN (C)). Therefore, we obtain the following result.
Proposition 3.1 (M. Hovey, [12, Theorem 8.3] for Gorenstein categories). If C is a Gorenstein
category with a generator G, then the pair (GP0(C),W(C)) is cogenerated by the set T of all n-
syzygies in Ωn(G/J), where J runs over the set of sub-objects of G.
Remark 3.2. Let R be an n-Gorenstein ring. By [16, Proposition 3.1], notice that W˜ =W(Ch(C)).
Denote ĜP0 = GP0(Ch(RMod)). In [6], it is proven that (ĜP0, W˜ ) is a complete cotorsion pair.
This proof is direct in the sense that for every complex X it is constructed a short exact sequence
0 −→W −→ C −→ X −→ 0 where C is a Gorenstein-projective complex and W ∈ W˜ . We can give
another cogenerating set for this pair, namely
X = {X ∈ Ωn(Sm(R/I)) : m ∈ Z and I is a left ideal of R} ∪ {Σk(S0(R)) : k ∈ Z}.
The equality W˜ = X⊥ follows by [7, Lemma 4.2] and [2, Lemma 5.1].
To show that [12, Theorem 8.4] is also valid for Gorenstein categories C, we impose an additional
condition on C. Namely, we need C to be locally Noetherian, i.e. C has a Noetherian generator
N . Since C is a Grothendieck category, the class sub(N) of sub-objects of N is actually a set by
10
[15, Lemma 1, page 111]. So N is Noetherian if each nonempty subset U of sub(N) has a maximal
sub-object, where a sub-object Y ∈ U is said to be maximal in U if Y ′ ∈ U and Y ⊆ Y ′ always
imply Y = Y ′.
An injective object X in a Grothendieck category C is said to be indecomposable if X 6= 0 and if, for
each decomposition X = X1 ⊕X2 into a direct sum of injective objects, either X = X1 or X = X2.
If X is not indecomposable, then it is said to be decomposable.
Remark 3.3. A theorem due to E. Matlis (see [15, Theorem 4, Section 4.10]) states that if C is a
locally Noetherian Grothendieck category, then each injective object I in C may be decomposed into
a coproduct of indecomposable injective objects I =
⊕
α∈A Iα. If R is a Noetherian ring (and so
RMod is locally Noetherian), we can obtain decompositions as above of injective chain complexes
in terms of indecomposable injective left R-modules. Let I be an injective chain complex. Then we
can write I ∼=
⊕
m∈ZD
m+1(Zm(I)). For every m ∈ Z, Zm(I) ∼=
⊕
αm∈Λm
Jαm , where Jαm is an
indecomposable injective module. Hence Dm+1(Zm(I)) ∼=
⊕
αm∈Λm
Dm+1(Jαm), and so we have
I ∼=
⊕
m∈Z
( ⊕
αm∈Λm
Dm+1(Jαm)
)
=
⊕{
Dm+1(Jαm) : (αm+k)k∈Z ∈
⋃
m∈Z
(∏
k∈Z
Λm+k
)}
,
where each Dm+1(Jαm) is an indecomposable injective complex. Notice that a complex J is an
indecomposable injective if, and only if, J is the disk complex of an indecomposable injective module.
In a similar way, one can show that these results hold for the category of complexes over a locally
Noetherian Grothendieck category.
In the proof of Theorem [12, Theorem 8.4], M. Hovey uses a corollary of the Eklof and Trlijaf
Theorem given in [10, Corollary 3.2.3]. The proof appearing there carry over to any Grothendieck
category. Thanks to this fact and the equality GI0(C) = (W(C))
⊥ proven in [5, Theorem 2.24],
Hovey’s arguments can be adapted to the context of locally Noetherian Gorenstein categories.
Proposition 3.2 (M. Hovey, [12, Theorem 8.4] for Gorenstein categories). Let C be a locally Noethe-
rian Gorenstein category. Let S denote the set of all objects S ∈ Ωi(J), where i ≥ 0 and J runs over
the set of indecomposable injective objects of C. Then S cogenerates a cotorsion pair (W(C),GI0(C)).
In every Abelian category C with enough projective and injective objects, the cotorsion pairs
(P0(C), C) and (C, I0(C)) are complete. This occurs in any Gorenstein category. Moreover, the
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equalities GP0∩W = P0 and GI0∩W = I0 proven by Hovey in [12, Corollary 8.5] also hold for such
a category. So by Hovey’s correspondence and the previous results, we have the following model
structures.
Theorem 3.1 (M. Hovey). Let C be a Gorenstein category. There is a unique Abelian model
structure on C, where GP0(C), Ob(C) and W(C) are the classes of cofibrant, fibrant, and trivial
objects, respectively. Dually, there is a unique Abelian model structure on C, with the same trivial
objects, such that Ob(C) and GI0(C) are the classes of cofibrant and fibrant objects, respectively.
We know that Ch(C) is a Gorenstein category if C is. The next result provides a characterization of
the Gorenstein-projective and Gorenstein-injective chain complexes. This is also proven by Garc´ıa
Rozas in [6, Theorem 3.3.5 & Corollary 3.2.3] for complexes over Gorenstein rings. In the author’s
opinion, the proof given next is shorter.
Proposition 3.3. Let C be a Gorenstein category.
(1) A chain complex X over C is Gorenstein-projective, if and only if, Xm is a Gorenstein-
projective object of C, for every m ∈ Z.
(2) A chain complex Y over C is Gorenstein-injective if, and only if, Ym is a Gorenstein-injective
object of C, for every m ∈ Z.
Proof. We only prove the Gorenstein-projective case. Let X be a Gorenstein-projective complex
and W ∈ W(C). Then Dm+1(W ) ∈ W˜(C), for every m ∈ Z. We have 0 = Ext1(X,Dm+1(W )) ∼=
Ext1(Xm,W ) by [8, Lemma 3.1]. Hence Xm ∈
⊥W(C) = GP0(C). For the converse implication, if
X is a chain complex such that each Xm is a Gorenstein-projective object, it suffices to show that
Exti+1(X,P ) = 0, for every projective complex P and every i ≥ 0. Since P is exact and each Zm(P )
is projective in C, we can write P ∼=
⊕
m∈ZD
m+1(Zm(P )). Notice that in this case we actually
have P ∼=
∏
m∈ZD
m+1(Zm(P )). By [8, Lemma 3.1], we have Ext
i+1(X,P ) = 0. Hence, X is a
Gorenstein-projective complex.
We finish this section checking if Hovey’s Gorenstein-projective and Gorenstein-injective model struc-
tures are monoidal in the cases C = RMod and C = Ch(RMod), with R a commutative Gorenstein
ring. Both RMod and Ch(RMod) are equipped with monoidal structures given by the tensor prod-
ucts ⊗R and ⊗, respectively. Since R is commutative, then these structures are symmetric. The
unit object S in (Ch(RMod),⊗) is given by S = S
0(R). (See [13, Section 4.1] for details).
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A monoidal model category is a model category C equipped with a symmetric monoidal structure
(⊗, S) such that the following conditions are satisfied:
(1) For every pair of maps f : U −→ V and g : W −→ X , the pushout of f ⊗ idW and idU ⊗ g
induces a map fg : (V ⊗ W )
∐
U⊗W (U ⊗ X) −→ V ⊗ X making the following diagram
commute:
U ⊗W U ⊗X
V ⊗W (V ⊗W )
∐
U⊗W (U ⊗X)
V ⊗X
idU ⊗ g
f ⊗ idW
fg
If, given cofibrations f : U −→ V and g :W −→ X in C, the induced map fg is a cofibration,
which is trivial if either f or g is.
(2) Using functorial factorizations, write 0 −→ S = 0 −→ Q(S)
q
−→ S as the composition of a
cofibration followed by a trivial fibration. Then the maps q ⊗X : Q(S) ⊗X −→ S ⊗X and
X ⊗ q : X ⊗Q(S) −→ X ⊗ S are weak equivalences for all cofibrant objects X .
We show that the Gorenstein-projective model structure is not monoidal, in general. First, we study
the module case. Consider the ring R = Z4. Note that Z4 is a quasi-Frobenius ring. On the other
hand, every module over such a ring is Gorenstein-projective. For if M is a left R-module with R
quasi-Frobinius, consider a left projective resolution · · · −→ P1
f1
−→ P0
f0
−→ M −→ 0 and a right
injective resolution 0 −→ M
g0
−→ I0
g1
−→ I1 −→ · · · of M . Taking the composition g0 ◦ f0, we
have an exact sequence of projective modules · · · −→ P1
f1
−→ P0
g0◦f0
−→ I0
g1
−→ I1 −→ · · · such that
M = Ker(g1). It is clear that this sequence is HomR(−,P0) = HomR(−, I0)-exact. Hence M is
Gorenstein-projective.
Back to the example R = Z4, we show that the Gorenstein-projective model structure on Z4-modules
is not monoidal.. There exists a left Z4-module with infinite projective dimension. Recall that the
left global dimension of a ring R is defined as the value sup{pd(M) : M ∈ RMod}. It is known
that if R is a left Noetherian ring, then the left global dimension and the weak dimension of R
coincide [14, Corollary 4.21]. So Z4 has infinite left global dimension since it is left Noetherian with
infinite weak dimension. It follows there exists a Gorenstein-projective Z4-module C with infinite
projective dimension. Consider the trivial cofibration 0 −→ Z4 and the cofibration 0 −→ C. The
map 0 −→ Z4 ⊗Z4 C = (0 −→ Z4)(0 −→ C) is not a trivial cofibration, since Z4 ⊗Z4 C ∼= C has
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not finite projective dimension. These arguments also work to show that the Gorenstein-projective
model structure on Ch(Z4Mod) is not monoidal. It suffices to consider D
1(Z4) and S0(C), where
D1(Z4) ⊗ S0(C) ∼= D1(C), which is Gorenstein-projective with infinite projective dimension. In a
similar way, one can show that the Gorenstein-injective model structure is not monoidal on modules
or chain complexes over Z4. It is worth noting in this case that the left global dimension of a ring
is also given by sup{id(M) : M ∈ RMod}.
4 Cotorsion pairs from Gorenstein-projective and Gorenstein-
injective dimensions
The goal in this section is to extend Hovey’s Gorenstein-projective and Gorenstein-injective model
structures to any Gorenstein-homological dimension.
Let F be a class of objects of an Abelian category C and X ∈ Ob(C). A left F -resolution of X is
a Hom(F ,−)-exact (but not necessarily exact) complex · · · −→ F1 −→ F0 −→ X −→ 0 with each
Fi ∈ F . Dually, a Hom(−,F)-exact complex 0 −→ X −→ F
0 −→ F 1 −→ · · · with each F i ∈ F is
called right F -resolution of X .
We say that a map F −→ X with F ∈ F is a special F -precover if it is surjective with kernel
in F⊥. The class F is called special pre-covering if every object of X has a especial F -pre-cover.
Special pre-envelopes and special pre-enveloping classes are defined dually. The following proposi-
tion is easy to show.
Proposition 4.1. Let C be a an abelian category and F be a class of objects of C.
(1) If F is a special pre-covering class, then every object of C has an exact left F-resolution.
(2) If F is a special pre-enveloping class, then every object of C has an exact right F-resolution.
Corollary 4.1. If C is a Gorenstein category, then every object of C has an exact left Gorenstein-
projective resolution and an exact right Gorenstein-injective resolution.
Definition 4.1. In a Gorenstein category C, it makes sense to consider left r-GP0(C)-objects, where
r is a nonnegative integer, since (GP0(C),W(C)) is a complete cotorsion pair. To simplify, we say
that an object X is Gorenstein-r-projective if it is a left r-GP0(C)-object. Let GPr(C) denote the
class of Gorenstein-r-projective objects. We denote by Gpd(X) the (left) Gorenstein-projective
dimension of X . Notice GPr(C) = {X ∈ Ob(C) : Gpd(X) ≤ r}.
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Proposition 4.2. Let C be a Gorenstein category.
(1) Gpd(X) ≤ FDI(C) for every object X ∈ Ob(C).
(2) For every 0 < r ≤ FDI(C), GPr(C) ∩W(C) = Pr(C).
Proof. To prove the first part, notice that id(W ) ≤ FDI(C), for every W ∈ W(C). Then we have
Ext
FDI(C)+1
C (X,W ) = 0. By [4, Proposition 11.5.7]
4, we have Gpd(X) ≤ FDI(C).
For the second part, it suffices to show that every X ∈ GPr(C) ∩ W(C) is in Pr(C). Notice every
G ∈ Ωr(X) is in GP0(C). Since W(C) is thick, we also have G ∈ W(C). Then G ∈ GP0(C)∩W(C) =
P0(C), by [12, Corollary 8.5]. It follows X ∈ Pr(C).
Proposition 4.3. Let C be a Gorenstein category. Then GPr(C) is the left half of a cotorsion pair
(GPr(C), (GPr(C))
⊥), for every 0 < r ≤ FDI(C).
Proof. It suffices to show the inclusion ⊥((GPr(C))
⊥) ⊆ GPr(C). Let X ∈
⊥((GPr(C))
⊥) and
consider an exact partial left projective resolution of X , i.e. an exact sequence of finite length
0 −→ C −→ Pr−1 −→ · · · −→ P0 −→ X −→ 0 with each Pi projective. By [4, Proposition 11.5.7], it
suffices to show that C is Gorenstein-projective, i.e. that Ext1C(C,W ) = 0 for every W ∈ W(C). By
Dimension Shifting (see [14, Proposition 4.2]), we have Ext1C(C,W )
∼= Ext1+rC (X,W ). On the other
hand, Ext1+rC (X,W )
∼= Ext1C(X,K), where K ∈ Ω
−r(W ). It is not hard to see that K ∈ (GPr(C))
⊥.
It follows Ext1C(X,K) = 0, and hence Ext
1
C(C,W ) = 0, for every W ∈ W(C).
It is known that (Pr, (Pr)
⊥) is a complete cotorsion pair in the category of left R-modules (See [4,
Theorem 7.4.6]). In the given reference, the authors prove that (Pr, (Pr)
⊥) is a cotorsion pair after
showing how to construct κ-small r-projective transfinite extensions for every r-projective module,
where κ is an infinite cardinal satisfying κ > Card(R). A simpler proof can be given in the context
of Gorenstein categories.
Corollary 4.2. If C is a Gorenstein category, then (Pr(C), (Pr(C))
⊥) is a cotorsion pair.
Proof. We only need to show ⊥((Pr(C))
⊥) ⊆ Pr(C), which follows by the implications Pr(C) ⊆
GPr(C) =⇒
⊥((Pr(C))
⊥) ⊆ ⊥((GPr(C))
⊥) = GPr(C) and Pr(C) ⊆ W(C) =⇒
⊥((Pr(C))
⊥) ⊆
⊥((W(C))⊥) =W(C).
4Although this result is stated for modules over Gorenstein ring, it carries over to any Gorenstein category.
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In order to prove that (GPr(C), (GPr(C))
⊥) and (Pr(C), (Pr(C))
⊥) are compatible, by Proposition
4.2 it suffices to show (GPr(C))
⊥ = W(C) ∩ (Pr(C))
⊥. Moreover, we shall see that in the cases
C = RMod or C = Ch(RMod), these pairs are also complete.
Proposition 4.4. The equality (GPr(C))
⊥ = (Pr(C))
⊥ ∩W(C) holds in every Gorenstein category
C and for every 0 < r ≤ FDI(C).
Proof. The inclusion (GPr(C))
⊥ ⊆ (Pr(C))
⊥ ∩ W(C) follows as in the previous corollary. Now let
Y ∈ (Pr(C))
⊥∩W(C) and X ∈ GPr(C). Since (GP0(C),W(C)) is complete, there exists a short exact
sequence 0 −→ X −→ W −→ C −→ 0 with C ∈ GP0(C) and W ∈ W(C). Note W also belongs
to GPr(C), and thus W ∈ Pr(C). On the other hand, we have a long exact sequence of derived
functors · · · −→ Ext1C(W,Y ) −→ Ext
1
C(X,Y ) −→ Ext
2
C(C, Y ) −→ · · · , where Ext
1
C(W,Y ) = 0 since
W ∈ Pr(C), and Ext
2
C(C, Y ) = 0 by [4, Proposition 10.2.6]. Therefore, Y ∈ (GPr(C))
⊥.
Corollary 4.3. If R is an n-Gorenstein ring, then (GPr, (GPr)
⊥) is a complete cotorsion pair in
RMod.
Proof. On the one hand, (GI0,W) and (Pr, (Pr)
⊥) are cogenerated by a sets according to [12,
Theorem 8.3] and [4, Theorem 7.4.6], respectively. On the other hand, the pairs (GPr, (GPr)
⊥) and
(Pr, (Pr)
⊥) are compatible by Propositions 4.2 and 4.4. The completeness of (GPr, (GPr)
⊥) follows
by [16, Proposition 4.1].
Applying Hovey’s correspondence, we obtain the following new model structure on RMod.
Theorem 4.1. If R is an n-Gorenstein ring, then for each 0 < r ≤ n the two compatible and
complete cotorsion pairs
(GPr ∩W , (Pr)
⊥) and (GPr, (Pr)
⊥ ∩W)
give rise to a unique Abelian model structure on RMod, called Gorenstein-r-projective model structure,
where GPr, (Pr)
⊥ and W are the classes of cofibrant, fibrant and trivial objects, respectively.
In [16, Corollary 4.1], it is proven that (P˜r, (P˜r)
⊥) is a cotorsion pair cogenerated by the set (P˜r)
≤κ :=
{X ∈ P˜r : Card(X) ≤ κ}, with κ an infinite cardinal satisfying κ > Card(R). If we denote
ĜPr = GPr(Ch(RMod)), the following result can be proven as in RMod.
16
Corollary 4.4. If R is an n-Gorenstein ring, then (ĜPr, (ĜPr)
⊥) is a complete cotorsion pair in
Ch(RMod).
By the completeness of (P˜r, (P˜r)
⊥) and (ĜPr, (ĜPr)
⊥), along with Propositions 4.2 and 4.4, we
obtain the analogue of Theorem 4.1 for Ch(RMod).
Theorem 4.2. If R is an n-Gorenstein ring, then for each 0 < r ≤ n the two compatible and
complete cotorsion pairs
(ĜPr ∩ W˜ , (P˜r)
⊥) and (ĜPr, (P˜r)
⊥ ∩ W˜)
give rise to a unique Abelian model structure on Ch(RMod), where ĜPr, (P˜r)
⊥ and W˜ are the
classes of cofibrant, fibrant and trivial objects, respectively.
It is time to construct a model structure from the notion of Gorenstein-injective dimension. The
advantage in this case is that our results can be presented for every Gorenstein category, not only
modules and complexes over Gorenstein rings. As we noted for the class GP0(C), it makes sense to
consider right r-GI0(C)-objects in any Gorenstein category C.
Definition 4.2. We say that an object X of a Gorenstein category C is Gorenstein-r-injective
if it is a right r-GI0(C)-object. We denote by GIr(C) the class of Gorenstein-r-injective objects
of C. Let Gid(X) denote the (right) Gorenstein-injective dimension of X. Notice the equality
GIr(C) = {X ∈ Ob(C) : Gid(X) ≤ r}.
As we did in the Gorenstein-projective case, we have the following results:
Proposition 4.5. Let C be a Gorenstein category. The following conditions hold for every 0 < r ≤
FDP (C).
(1) Gid(X) ≤ FDP (C), for every object X of C.
(2) GIr(C) ∩W(C) = Ir(C).
(3) (⊥(GIr(C)),GIr(C)) is a cotorsion pair.
(4) ⊥(GIr(C)) =
⊥(Ir(C)) ∩W(C).
Theorem 4.3. Let C be a Gorenstein category.
(1) (⊥(GIr(C)),GIr(C)) is a complete cotorsion pair.
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(2) If in addition C is locally Noetherian, then (⊥(GIr(C)),GIr(C)) is cogenerated by the set S(r)
of all S ∈ Ωi(J) with i ≥ r and J running over the set of all indecomposable injective objects.
Proof. Part (1) follows by Proposition 4.5 and [16, Proposition 4.1], since the pairs (⊥(W(C)),W(C)),
(W(C), (W(C))⊥), and (⊥(Ir(C)), Ir(C)) are complete.
Now suppose C is also locally Noetherian. We shall see that GIr(C) = (S(r))
⊥ . First, we check
S(r) ⊆ ⊥(GIr(C)). Let S ∈ S(r) and consider Y ∈ GIr(C). Then S ∈ Ω
i(J), for some i ≥
r and some indecomposable injective object J . We have Ext1C(S, Y )
∼= Exti+1C (J, Y ) = 0, since
J ∈ W(C), Y ∈ GIr(C) and i + 1 > r. Now to prove GIr(C) = (S(r))
⊥, it suffices to show
(S(r))⊥ ⊆ GIr(C). Let Y ∈ (S(r))
⊥ and consider an exact partial right injective resolution of Y ,
say 0 −→ Y −→ I0 −→ · · · −→ Ir−1 −→ D −→ 0. By [4, Proposition 11.2.5], we only need to prove
D is Gorenstein-injective, i.e. that Ext1C(S,D) = 0 for every S ∈ S, where S is the set considered in
Proposition 3.2. By Dimension Shifting, we have Ext1C(S,D)
∼= Ext1+rC (S, Y )
∼= Ext1C(S
′, Y ), where
S′ ∈ Ωr(S). Since S ∈ Ωi(J), for some i ≥ 0 and some indecomposable injective object J , we have
S′ ∈ Ωr(Ωi(J)) = Ωr+i(J) with r + i ≥ r. It follows S′ ∈ S(r) and Ext1C(S
′, Y ) = 0. Therefore,
Ext1C(S,D) = 0 for every S ∈ S.
From the results above and Hovey’s correspondence, we deduce the existence of the following model
structure.
Theorem 4.4. Let C be a Gorenstein category. If 0 < r ≤ FDP (C), then the two compatible and
complete cotorsion pairs
(⊥(Ir(C)) ∩W(C),GIr(C)) and (
⊥(Ir(C)),GIr(C) ∩W(C))
give rise to a unique Abelian model structure on C, called the Gorenstein-r-injective model structure,
such that ⊥(Ir(C)), GIr(C) and W(C) are the classes of cofibrant, fibrant and trivial objects, respec-
tively.
Proposition 3.3 is also valid for every Gorenstein homological dimension.
Proposition 4.6. Let X be a chain complex over a Gorenstein category C.
(1) For every 0 < r ≤ FDI(C), X is Gorenstein-r-projective if, and only if, Xm is a Gorenstein-
r-projective object for every m ∈ Z.
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(2) For every 0 < r ≤ FDP (C), X is Gorenstein-r-injective if, and only if, Xm is a Gorenstein-
r-injective object for every m ∈ Z.
Proof. We only prove (1). Let X be a Gorenstein r-projective chain complex. Then there exists
an exact sequence 0 −→ Cr −→ Cr−1 −→ · · · −→ C0 −→ X −→ 0 in Ch(C) such that each
Ci is a Gorenstein-projective complex. Note that for each m ∈ Z we have an exact sequence in
0 −→ (Cr)m −→ (Cr−1)m −→ · · · −→ (C0)m −→ Xm −→ 0 in C, which turns out to be an exact
left Gorenstein-projective resolution of Xm of length r, by Proposition 3.3.
Now suppose each Xm is a Gorenstein-r-projective object. Consider an exact partial left projective
resolution 0 −→ C −→ Pr−1 −→ · · · −→ P0 −→ X −→ 0. By [4, Proposition 11.5.7], it suffices
to show that C is a Gorenstein-projective chain complex. Notice that for every m ∈ Z we have an
exact sequence 0 −→ (C)m −→ (Pr−1)m −→ · · · −→ (P0)m −→ Xm −→ 0 in C with each (Pi)m
projective. Since every Xm ∈ GPr(C), we have Cm is Gorenstein-projective in C by [4, Proposition
11.5.7]. Hence C is a Gorenstein-projective complex by Proposition 3.3.
5 Gorenstein-flat dimension and model structures on mo-
dules and chain complexes
In addition to the notions of Gorenstein-projective and Gorenstein-injective modules, there is also
the notion of Gorenstein-flat modules. In [9], M. Hovey and J. Gillespie construct a unique Abelian
model structure on RMod (with R a Gorenstein ring) where the cofibrant objects are the Gorenstein-
flat modules, the fibrant objects are the cotorsion modules, and the class W is again the class of
trivial objects. We call this structure the Gorenstein-flat model structure. We shall generalize the
construction of this structure to the category of complexes, using the notion of bar-cotorsion pairs.
We begin this section studying the concept of Gorenstein-flat dimension, in order to construct related
model structures on both RMod and Ch(RMod).
Definition 5.1. A leftR-module E ∈ Ob(RMod) is said to be Gorenstein-flat if there exists an exact
sequence of flat modules · · · −→ F1 −→ F0 −→ F
0 −→ F 1 −→ · · · such that E = Ker(F 0 −→ F 1)
and such that the sequence · · · −→ I ⊗R F1 −→ I ⊗R F0 −→ I ⊗R F
0 −→ I ⊗R F
1 −→ · · · is exact,
for every injective module I.
19
Let GF0 denote the class of Gorenstein-flat left R-modules. We class GC = (GF0)
⊥ is called the
class of Gorenstein-cotorsion modules. It is known that (GF0,GC) is a complete cotorsion pair,
as mentioned in [9]. For our purposes, we shall provide a cogenerating set for this pair, which is
related to the following restriction of the notion of pure sub-modules in the context of Gorenstein
homological algebra.
Definition 5.2. A sub-module N of a left R-module M is said to be W-pure if for every right
R-module W ∈ W , the sequence 0 −→ W ⊗R N −→ W ⊗R M is exact. The short exact sequence
0 −→ N −→M −→M/N −→ 0 is called a W-pure exact sequence.
Proposition 5.1. Let R be a Gorenstein ring. If S is a W-pure sub-module of a Gorenstein-flat
left R-module E, then S and E/S are also Gorenstein-flat.
Proof. Consider the short exact sequence 0 −→ S −→ E −→ E/S −→ 0. Then, given a right
R-module W ∈ W , we have the long exact sequence
· · · −→ TorR1 (W,E/S) −→W ⊗R S −→ W ⊗R E −→W ⊗R E/S −→ 0.
Since S is a W-pure sub-module of E, we have that the map W ⊗R S −→ W ⊗R E is injective for
every W ∈ W . So TorR1 (W,E/S) = 0 for every W ∈ W . Hence E/S is a Gorenstein-flat module
by [4, Theorem 10.3.8]. Using the same reference and the previous long exact sequence, we can also
conclude that S is Gorenstein-flat.
Proposition 5.2. Given an infinite cardinal κ > Card(R), a Gorenstein-flat module E and an
element x ∈ E, there exists a W-pure sub-module S ⊆ E such that x ∈ S and Card(S) ≤ κ.
Proof. The proof is the same as the proof given in [4, Proposition 7.4.3].
By the previous two propositions, given E ∈ GF0, we can construct a continuos chain {Sα}α<λ
of sub-modules of E, for some ordinal λ, such that S1 ∈ (GF0)
≤κ, Sα+1/Sα ∈ (GF0)
≤κ, and
Sβ =
⋃
α<β Sα, for every limit ordinal β < α, where (GF0)
≤κ := {S ∈ GF0 : Card(S) ≤ κ}. In
other words, every Gorenstein-flat left R-module E has a (GF0)
≤κ-filtration. By [16, Proposition
3.2], (GF0,GC) is a cotorsion pair cogenerated by (GF0)
≤κ. As a consequence of the Eklof and
Trlifaj Theorem, (GF0,GC) is a complete.
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In order to present the Gorenstein-flat model structure on the category of chain complexes, we shall
introduce the notion of bar-cotorsion pairs. Previously, we have defined the bar-extension functors
Ext
i
(−,−) for chain complexes. Bar-cotorsion pairs are defined by two classes of chain complexes
orthogonal to each with respect to Ext
1
(−,−), instead of Ext1(−,−).
Definition 5.3. Let A and B be two classes of chain complexes over RMod, we shall say that A
and B form a bar-cotorsion pair (A | B) if:
(1) A = ⊥B := {A ∈ Ob(Ch(RMod)) : Ext
1
(A,B) = 0, for every B ∈ B},
(2) B = A⊥ := {B ∈ Ob(Ch(RMod)) : Ext
1
(A,B) = 0, for every A ∈ A}.
The notion of suspensions of chain complexes is useful to establish some properties of bar-cotorsion
pairs. Given a chain complex X and an integer k ∈ Z, the kth suspension of X is the complex Σk(X)
given by (Σk(X))n := Xn−k, where the boundary maps are defined by ∂
Σk(X)
n := (−1)k∂Xn−k. A
class of complexes D is said to be closed under suspensions if Σk(D) ∈ D, for every complex D ∈ D.
The importance of suspension functors lies in the fact that each Ext
i
(−,−) can be expressed in terms
of suspensions and the standard Exti(−,−). Specifically, for every pair X,Y ∈ Ob(Ch(RMod))
and every i ≥ 0, Ext
i
(X,Y ) is a chain complex of the form
· · · −→ Exti(X,Σk+1(Y )) −→ Exti(X,Σk(Y )) −→ Exti(X,Σk−1(Y )) −→ · · ·
This fact is mentioned in [6, Page 87] and it is not hard to prove. There is also an isomorphism
of groups Exti(Σ−k(X), Y ) ∼= Exti(X,Σk(Y )), for every k ∈ Z, as mentioned in [2, Page 2]. With
these facts in mind, we can prove the following lemma.
Lemma 5.1. Let (A | B) be a bar-cotorsion pair. Then A is closed under suspensions if, and only
if, B is. The same result holds if A and B form a cotorsion pair (A,B).
Proof. Suppose (A | B) is a bar-cotorsion pair and that A is closed under suspensions. Let B ∈ B,
A ∈ A and m ∈ Z. Note that the complexes
· · · Ext1(A,Σk+1(Σm(B))) Ext1(A,Σk(Σm(B))) Ext1(A,Σk−1(Σm(B))) · · ·
and
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· · · Ext1(Σ−m(A),Σk+1(B)) Ext1(Σ−m(A),Σk(B)) Ext1(Σ−m(A),Σk−1(B)) · · ·
are isomorphic. By the comments above, we have Ext
1
(A,Σm(B)) ∼= Ext
1
(Σ−m(A), B). On the
other hand, Ext
1
(Σ−m(A), B) = 0 for every A ∈ A, since B ∈ B and A is closed under suspensions.
Hence the result follows. The converse can be proven similarly.
Theorem 5.1. Let A and B be two classes in Ch(RMod) such that A is closed under suspensions.
Then (A | B) is a bar-cotorsion pair if, and only if, (A,B) is a cotorsion pair.
Proof. Suppose (A | B) is a bar-cotorsion pair. First, we show A = ⊥B. Let A ∈ A and B ∈ B.
Notice that Ext
1
(A,B) = 0 implies Ext1(A,B) = 0, and so A ∈ ⊥B. Now if A ∈ ⊥B, we have
Ext1(A,B) = 0 for every B ∈ B. Since B is closed under suspensions by Lemma 5.1, we have
Σk(B) ∈ B for every k ∈ Z. Then Ext1(A,Σk(B)) = 0 for every k ∈ Z. It follows Ext
1
(A,B) = 0 for
every B ∈ B and so A ∈ ⊥B = A. The equality B = A⊥ follows similarly and using the isomorphism
Ext1(A,Σk(B)) ∼= Ext1(Σ−k(A), B).
Definition 5.4. A bar-cotorsion pair (A | B) is said to be bar-cogenerated by a set S ⊆ A if B = S⊥.
Theorem 5.2. Let A and B be two classes in Ch(RMod), and S ⊆ A be a set closed under
suspensions. If (A,B) is a cotorsion pair cogenerated by S, then A and B form a bar-cotorsion pair
(A | B) which is bar-cogenerated by S. The converse is also true.
Proof. Suppose (A,B) is cogenerated by S. Then B = S⊥, which is closed under suspensions
by Lemma 5.1 (since S is closed under suspensions). By the same lemma, A is also closed under
suspensions, and hence by Theorem 5.1 we have (A | B) is a bar-cotorsion pair. It is only left to show
that B = S⊥. Let B ∈ B. Then Ext1(S,B) = 0 for every S ∈ S. Since S is closed under suspensions,
we have Σ−k(S) ∈ S for every k ∈ Z and every S ∈ S. Then Ext1(S,Σk(B)) ∼= Ext1(Σ−k(S), B) = 0,
for every k ∈ Z and every S ∈ S. It follows Ext
1
(S,B) = 0 for every S ∈ S, i.e. B ∈ S⊥. Now
suppose B ∈ S⊥. Then Ext
1
(S,B) = 0 for every S ∈ S. It follows Ext1(S,B) = 0 for every S ∈ S
and so B ∈ S⊥ = B. The converse follows similarly.
Lemma 5.2 (Eklof’s Lemma for bar-extensions). Let X be a chain complex in Ch(RMod) and
(Sα)α<λ be a continuous chain of sub-complexes of X. If Ext
1
(Sα+1/Sα, Y ) = 0 for every α+1 < λ,
then Ext
1
(X,Y ) = 0.
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Proof. This can be proved easily by expressing Ext
1
(−,−) in terms of Ext1(−,−) and Σ, and using
the original Eklof Lemma for Ext1(−,−)5.
The following result follows.
Proposition 5.3 ([16, Proposition 1.1] for bar-cotorsion pairs). Let (A | B) be a bar-cotorsion
pair in Ch(RMod), and S ⊆ A be a set. If every X ∈ A has an S-filtration, then (A | B) is
bar-cogenerated by S.
Now we are ready to construct the Gorenstein-flat model structure on Ch(RMod).
Definition 5.5. A chain complex E ∈ Ob(Ch(RMod)) is said to be Gorenstein-flat if there exists
an exact sequence of flat complexes · · · −→ F1 −→ F0 −→ F
0 −→ F 1 −→ · · · such that E =
Ker(F 0 −→ F 1) and such that the sequence · · · −→ I⊗F1 −→ I⊗F0 −→ I⊗F
0 −→ I⊗F 1 −→ · · ·
is exact, for every injective complex I. We shall denote the class of all Gorenstein-flat complexes by
ĜF0.
Assume that R is a commutative n-Gorenstein ring. First, recall from [6, Definition 4.1.2] that a
chain complex F is flat if F is exact and Zm(F ) is a flat module, for every m ∈ Z. In [6, Proposition
5.1.2], the author proved that F is flat if, and only if, −⊗F is an exact functor.
Definition 5.6. A complex Y ∈ Ch(RMod) is Gorenstein cotorsion if Ext
1
(X,Y ) = 0 for every
Gorenstein-flat complex X ∈ ĜF0. We shall denote the class of all Gorenstein cotorsion complexes
by ĜC.
Proposition 5.4. Let R be a commutative Gorenstein ring, then ĜF0 and ĜC form a bar-cotorsion
pair (ĜF0 | ĜC).
Proof. We only have to show that ⊥ĜC ⊆ ĜF0. Let X ∈
⊥ĜC. By [6, Theorem 5.4.3], we only
need to show Tor1(W,X) = 0, for every W ∈ W˜ . So let W ∈ W˜ . By Proposition 2.2, we have
Tor1(W,X)
+ ∼= Tor1(X,W )
+ ∼= Ext
1
(X,W+). Now let F be a Gorenstein-flat complex. Then
Ext
1
(F,W+) ∼= Tor1(W,F )
+ = 0. We have W+ ∈ ĜC and so Ext
1
(X,W+) = 0. It follows
Tor1(W,X) = 0 and X ∈ ĜF0.
5A proof is given in [10, Lemma 3.1.2] for the category RMod, but the same argument carries over to Ch(RMod).
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Using [6, Theorem 5.4.3], we can show that ĜF0 is closed under suspensions. So by the previous
proposition, Lemma 5.1 and Theorem 5.1, (ĜF0, ĜC) is a cotorsion pair.
Let dwF˜0 (resp. exF˜0) denote the class of (resp. exact) chain complexes X ∈ Ch(RMod) such
that Xm ∈ F0 for every m ∈ Z. In [1, Proposition 4.1] it is proven that for every chain complex
X ∈ dwF˜0 and every x ∈ X (i.e. x ∈ Xm for some m ∈ Z), there exists a sub-complex S ⊆ X
in (dwF˜0)
≤κ such that x ∈ S and X/S ∈ dwF˜0. By S ∈ (dwF˜0)
≤κ we mean S ∈ dwF˜0 and
Card(S) :=
∑
m∈ZCard(Sm) ≤ κ, where κ is an infinite cardinal satisfying κ > Card(R). The same
argument can be applied to the class ĜF0, using [6, Theorem 5.4.3], in order to get the following
result.
Proposition 5.5. Let κ be an infinite cardinal satisfying κ > Card(R), where R is an Gorenstein
ring. Let X be a Gorenstein-flat complex and x ∈ X. Then there exists a Gorenstein-flat sub-complex
S ⊆ X with Card(S) ≤ κ, such that x ∈ S and X/S is also Gorenstein-flat.
Using this result, every Gorenstein-flat complex has a (ĜF0)
≤κ-filtration, and hence (ĜF0, ĜC) is
a cotorsion pair cogenerated by (ĜF0)
≤κ. Let F˜0 denote the class of flat chain complexes. In [8,
Proposition 4.9], the author proves that (F˜0, (F˜0)
⊥) is a cotorsion pair cogenerated by (F˜0)
≤κ :=
{F ∈ F˜0 : Card(F ) ≤ κ}. We show that (ĜF0, ĜC) and (F˜0, (F˜0)
⊥) are compatible.
Proposition 5.6. F˜0 = ĜF0 ∩ W˜.
Proof. The inclusion F˜0 ⊆ ĜF0 ∩W˜ is clear by [6, Theorem 5.4.3] and [4, Theorem 9.1.10]. Now let
X ∈ ĜF0 ∩ W˜ . Then X
+ ∈ ĜI0 by [6, Theorem 5.4.3], where ĜI0 denotes the class of Gorenstein-
injective complexes. On the other hand, fd(X) = k < ∞, and so there exists an exact sequence
0 −→ Fk −→ Fk−1 −→ · · · −→ F0 −→ X −→ 0 where Fi is flat for every 0 ≤ i ≤ k. Then
0 −→ X+ −→ F+0 −→ · · · −→ F
+
k−1 −→ F
+
k −→ 0 is exact since D
0(Q/Z) is an injective complex
(notice that Ext1(Y,D0(Q/Z)) = 0 implies that Ext
1
(Y,D0(Q/Z)) = 0, for every complex Y ), and
F+i is an injective complex for every 0 ≤ i ≤ k. So id(X
+) ≤ k < ∞ and X+ ∈ W˜ . We have
X+ ∈ ĜI0 ∩ W˜ = I˜0. It follows X is flat.
The following proposition follows as in Proposition 4.4.
Proposition 5.7. ĜC = (F˜0)
⊥ ∩ W˜.
From these results, we have that (ĜF0, (F˜0)
⊥ ∩ W˜) and (ĜF0 ∩ W˜ , (F˜0)
⊥) are compatible and
complete. The following result follows by Hovey’s correspondence.
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Theorem 5.3. If R is a commutative Gorenstein ring, then the two compatible and complete co-
torsion pairs
(ĜF0, (F˜0)
⊥ ∩ W˜) and (ĜF0 ∩ W˜ , (F˜0)
⊥)
give rise to a unique Abelian model structure on Ch(RMod), called the Gorenstein-flat model struc-
ture, such that ĜF0, (F˜0)
⊥ and W˜ are the classes of cofibrant, fibrant and trivial objects, respectively.
As we did in the Gorenstein-projective and injective cases, the Gorenstein-flat model structures on
Z4Mod and Ch(Z4Mod) are not monoidal.
Now it is time to study the Gorenstein-flat dimension. As we did with the class GP0, it makes sense
to consider left r-GF0-modules and left r-ĜF0-complexes.
Definition 5.7. A module (resp. complex) is said to be Gorenstein-r-flat if it is a left r-GF0-module
(resp. r-ĜF0-complex). Let GFr (resp. ĜFr) denote the class of Gorentein-r-flat modules (resp.
complexes) and Gfd(X) denote the (left) Gorenstein-flat dimension of the module (or complex) X .
Note GFr = {M ∈ Ob(RMod) : Gfd(M) ≤ r} and ĜFr = {X ∈ Ob(Ch(RMod)) : Gfd(X) ≤ r}.
First, we shall prove that the classes GF r and ĜFr are the left halves of two complete cotorsion
pairs in RMod and Ch(RMod), respectively. Using this fact we shall construct a model structure
on RMod (resp. Ch(RMod)) where GFr (resp. ĜF r) is the class of cofibrant objects.
Proposition 5.8. Let R be an n-Gorenstein ring. Then (GF r, (GFr)
⊥) is a cotorsion pair for every
0 < r ≤ n.
Proof. We only need to show ⊥((GF r)
⊥) ⊆ GFr. Let M ∈
⊥((GF r)
⊥). We only need to prove that
TorRr+1(W,M) = 0 for every W ∈ W , by [4, Proposition 11.7.5]. Using the isomorphism given in [4,
Theorem 3.2.1], we have TorRr+1(W,M)
+ ∼= Extr+1R (M,W
+) ∼= Ext1R(M,K), where K ∈ Ω
−r(W+).
We show K ∈ (GFr)
⊥. Let N ∈ GFr. We have Ext
1
R(N,K)
∼= Ext1R(G,W
+), where G ∈ Ωr(N).
Since N ∈ GFr, we have G is Gorenstein-flat, and so Ext
1
R(G,W
+) ∼= TorR1 (W,G)
+ = 0. Hence
Ext1R(N,K) = 0 for every N ∈ GFr, i.e. K ∈ (GF r)
⊥. It follows TorRr+1(W,M) = 0 for every
W ∈ W .
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Given two resolutions
(∗) = (0 −→ E′r −→ E
′
r−1 −→ · · · −→ E
′
0 −→M
′ −→ 0), and
(∗∗) = (0 −→ Er −→ Er−1 −→ · · · −→ E0 −→M −→ 0),
we shall say that (∗) is a sub-resolution of (∗∗) if (∗) is a sub-complex of (∗∗).
Recall that for every Gorenstein-flat module E and every x ∈ E, one can construct a W-pure sub-
module S ⊆ E with Card(S) ≤ κ, such that x ∈ S. One can apply the same reasoning to show that
every sub-module E′ ⊆ E with Card(E′) ≤ κ can be embedded into a W-pure sub-module S ⊆ E
with Card(S) ≤ κ. From this fact, one deduces the following result.
Lemma 5.3. Given κ an infinite cardinal satisfying κ > Card(R), where R is an n-Gorenstein ring,
let M ∈ GFr with a Gorenstein-flat resolution
(1) = (0 −→ Er −→ Er−1 −→ · · · −→ E0 −→M −→ 0)
and N be a sub-module of M with Card(N) ≤ κ. Then there exists a Gorenstein-flat sub-resolution
(2′) = 0 −→ S′r −→ S
′
r−1 −→ · · · −→ S
′
0 −→ N
′ −→ 0
of (1) such that S′k is a W-pure sub-module of Ek and Card(S
′
k) ≤ κ, for every 0 ≤ k ≤ r, and such
that N ⊆ N ′. Moreover, if N has a sub-resolution
(2) = 0 −→ Sr −→ Sr−1 −→ · · · −→ S0 −→ N −→ 0
of (1), where Sk is a W-pure sub-module of Ek with Card(Sk) ≤ κ, for every 0 ≤ k ≤ r, then (2’)
can be constructed in such a way that (2) is a sub-resolution of (2’).
The previous lemma is proven in [16, Lemma 5.1] for the class Fr of modules with flat dimension ≤ r.
The same argument works for GFr. It follows that every Gorenstein-r-flat module has a (GFr)
≤κ-
filtration. As a consequence of [16, Proposition 3.2], we have obtained the following theorem.
Theorem 5.4. If R is an n-Gorenstein ring, then (GF r, (GFr)
⊥) is a complete cotorsion pair for
every 0 < r ≤ n.
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The pairs (Fr, (Fr)
⊥) and (GF r, (GF r)
⊥) are complete and also compatible. As we did in Corollary
4.2 and Proposition 4.4, we can show the following equalities.
Proposition 5.9. If R is an n-Gorenstein ring, then Fr = GFr ∩W and (GFr)
⊥ = (Fr)
⊥ ∩W for
every 0 < r ≤ n.
Theorem 5.5. If R is an n-Gorenstein ring, then the two compatible and complete cotorsion pairs
(GF r, (Fr)
⊥ ∩W) and (GF r ∩W , (Fr)
⊥)
give rise to a unique Abelian model structure on RMod, called the Gorenstein-r-flat model structure,
such that GFr, (Fr)
⊥ and W are the classes of cofibrant, fibrant and trivial objects, respectively.
Now we want to apply the same study to the category of complexes Ch(RMod). As we did in the
case r = 0, suppose that R is a commutative n-Gorenstein ring. The following result is a version of
[4, Proposition 11.7.5] for the category of chain complexes.
Proposition 5.10. The following conditions are equivalent for any chain complex X ∈ Ob(Ch(RMod))
over a commutative n-Gorenstein ring R:
(1) X is a Gorenstein-r-flat complex.
(2) Tori(W,X) = 0 for all i ≥ r + 1 and all W ∈ W˜.
(3) Torr+1(W,X) = 0 for all W ∈ W˜.
(4) Every rth Gorenstein-flat syzygy is Gorenstein-flat.
(5) Every rth flat syzygy is Gorenstein-flat.
(6) Xm is a Gorenstein-r-flat module for every m ∈ Z.
(7) X+ is a Gorenstein-r-injective complex.
Proposition 5.11. If R is a commutative n-Gorenstein ring, then (ĜFr | (ĜFr)
⊥) is a bar-cotorsion
pair for every 0 < r ≤ n.
Proof. We only need to prove the inclusion ⊥((ĜFr)
⊥) ⊆ ĜFr. Let X ∈
⊥((ĜF r)
⊥). We want
to show that Torr+1(W,X) = 0 for every W ∈ W˜ . By Proposition 2.2, we have Torr+1(W,X)
+ ∼=
Torr+1(X,W )
+ ∼= Ext
r+1
(X,W+) ∼= Ext
1
(X,K), whereK is an rth cosyzygy ofW+. Let Z ∈ ĜFr.
Then Ext
1
(Z,K) = Ext
r+1
(Z,W+) ∼= Torr+1(W,Z)
+ = 0, by Proposition 5.10. So K ∈ (ĜF r)
⊥
and Torr+1(W,X)
+ ∼= Ext
1
(X,K) = 0. It follows that Torr+1(W,X) = 0 for every W ∈ W˜ , i.e.
X ∈ ĜFr, by Proposition 5.10 again.
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Since the class ĜFr is closed under suspensions, we have that (ĜFr, (ĜFr)
⊥) is a cotorsion pair and
(ĜF r)
⊥ = (ĜF r)
⊥. So (ĜFr, (ĜFr)
⊥) is a cotorsion pair. By Lemma 5.3, along with the argument
used in [16, Theorem 6.3], we have that (ĜFr, (ĜFr)
⊥) is a cotorsion pair cogenerated by (ĜF r)
≤κ,
so it is complete. Moreover, it is easy to show that F˜r = ĜFr ∩ W˜ and (ĜF r)
⊥ = (F˜r)
⊥ ∩ W˜ . So
we obtain the analogous of Theorem 5.5 in Ch(RMod), applying Hovey’s correspondence.
Theorem 5.6. If R is a commutative n-Gorenstein ring, then the two compatible and complete
cotorsion pairs
(ĜF r, (F˜r)
⊥ ∩ W˜) and (ĜF r ∩ W˜ , (F˜r)
⊥)
give rise to a unique Abelian model structure on Ch(RMod), called the Gorenstein-r-flat model struc-
ture, such that ĜF r, (F˜r)
⊥ and W˜ are the classes of cofibrant, fibrant and trivial objects, respectively.
We finish this section giving some remarks on covers by the classes GFr and ĜFr. Recall that given
an Abelian category C and a class A of objects of C, a map f : A −→ X is said to be an A-cover of
X if A ∈ A and if the following conditions are satisfied:
(1) If f : A′ −→ X is another map with A′ ∈ A, then there exists a map h : A′ −→ A (not
necessarily unique) such that f ′ = f ◦ h.
(2) If A′ = A in (1), then every map h : A −→ A satisfying the equality f ′ = f ◦ h is an
automorphism of A.
If f satisfies (1) but may be not (2), then f is called an A-pre-cover. The notions of B-envelope
and B-pre-envelope are dual. A cotorsion pair (A,B) is said to be perfect if every object of C has an
A-cover and a B-envelope. In [10, Corollary 2.3.7], it is proved that if (A,B) is a complete cotorsion
pair and A is closed under direct limits, then (A,B) is perfect.6
Remark 5.1.
(i) It is straightforward to show that Gorenstein-flat modules are closed under direct limits. Since
(GF0,GC) is a complete cotorsion pair with GF0 closed under direct limits, it follows that
(GF0,GC) is a perfect cotorsion pair, i.e. every left R-module has a Gorenstein-flat cover and
a Gorenstein-cotorsion envelope.
(ii) For every fixed chain complex X ∈ Ob(Ch(ModR)), the functor Tor1(X,−) preserves direct
limits (This is a consequence of [6, Proposition 4.2.1 5]). It follows the class ĜF0 is closed
under direct limits, and hence the pair (ĜF0, ĜC) is perfect. We conclude that every chain
6This result is proven for modules over a ring, but it remains true in any Grothendieck category.
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complex X ∈ Ch(RMod) has a Gorenstein-flat cover, provided that R is a commutative n-
Iwanaga-Gorenstein ring. This result also appears in [6, Theorem 5.8.4], where the proof is
more constructive from the author’s point of view.
6 Gorenstein homological dimensions over graded rings
In this section, we shall consider an associative ring R with unit and the Z-graded ring A :=
R[x]/(x2), which has a direct sum decomposition A = · · · ⊕ 0⊕ (x)⊕R⊕ 0⊕ · · · , where the scalars
r ∈ R are the elements of degree 0, and the elements in the ideal (x) form the terms of degree−1. It is
not hard to see that the categories AMod and Ch(RMod) are isomorphic. This fact shall allows us
to prove that Gorenstein-r-projective A-modules and dg-r-projective chain complexes over R are in
one-to-one correspondence, provided R satisfies certain conditions. The same holds for Gorenstein-
r-injective and Gorenstein-r-flat A-modules. This result is an extension of the case r = 0 proved in
[9, Propositions 3.6, 3.8 and 3.10].
Let Φ : AMod −→ Ch(RMod) be the functor defined as follows:
(1) Given a graded A-module M =
⊕
n∈ZMn, note that if y ∈Mn then x · y ∈Mn−1, since x has
degree −1. Denote by Φ(M)n the set Mn endowed with the structure of R-module provided
by the graded multiplication. Let ∂n : Φ(M)n −→ Φ(M)n−1 be the map y 7→ x · y. It is easy
to check that Φ(M) = (Φ(M)n, ∂n)n∈Z is a chain complex over R.
(2) Let f : M −→ N be a homomorphism of graded A-modules. Then f(Mn) ⊆ Nn, for every
n ∈ Z. It follows that f |Mn is an R-homomorphism. The family of maps {Φ(f)n := f |Mn}n∈Z
defines a chain map Φ(f).
The functor Φ is an isomorphism, and we shall denote its inverse by Ψ : Ch(RMod) −→ AMod.
This functor establishes the one-to-one correspondences given in [9, Propositions 3.6, 3.8 and 3.10].
It follows that Φ and Ψ map projective (resp. injective) objects into projective (resp. injective)
objects. It is also easy to check that both Ψ and Φ preserves exact sequences.
Concerning flat objects, it is important to recall how tensor products are defined for Z-graded
A-modules. Given two graded A-modules M = (Mn)n∈Z and N = (Nm)m∈Z, the tensor product
M⊗ZN = (
⊕
n+m=kMn⊗ZNm)k∈Z has also a Z-graduation. Let Q be the sub-Z-module generated
by the elements (a · y)⊗ z − y ⊗ (a · z) where a ∈ A, y ∈ M and z ∈ N . The tensor product of M
and N over A is defined by M ⊗A N = (M ⊗Z N)/Q. It is clear that M ⊗A N ∼= Φ(M)⊗Φ(N) and
X⊗Y ∼= Ψ(X)⊗A Ψ(Y ) for every M,N ∈ AMod and X,Y ∈ Ch(RMod). So it follows that M is
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flat in AMod if, and only if, Φ(M) is flat in Ch(RMod). Similarly, X is flat in Ch(RMod) if, and
only if, Ψ(X) is flat in AMod. The following lemma is straightforward.
Lemma 6.1. For every i ≥ 1, M,N ∈ AMod, and Y, Z ∈ Ch(RMod):
(1) ExtiA(M,N)
∼= Exti(Φ(M),Φ(N)).
(2) TorAi (M,N)
∼= Tori(Φ(M),Φ(N)).
(3) Exti(Y, Z) ∼= ExtiA(Ψ(Y ),Ψ(Z)).
(4) Tori(Y, Z) ∼= Tor
A
i (Ψ(Y ),Ψ(Z)).
Recall from [8, Definition 3.3], that given a cotorsion pair (A,B) in RMod, a chain complex X is a
dg-A-complex, denoted X ∈ dgA˜, if Xm ∈ A for every m ∈ Z and if every chain map X −→ B is
null homotopic whenever B ∈ B˜. Similarly, X is a dg-B-complex, denoted X ∈ dgB˜, if Xm ∈ B for
every m ∈ Z and if every chain A −→ X is null homotopic whenever A ∈ A˜.
The classes dgP˜0, dgI˜0 and dgF˜0 are called dg-projective, dg-injective and dg-flat complexes, re-
spectively. It is known that dgP˜0 =
⊥E and dgI˜0 = E
⊥, where E is the class of exact chain complexes
(See [6, Propositions 2.3.4 and 2.3.5]). Moreover, (dgP˜0, E) and (E , dgI˜0) are cotorsion pairs.
Corollary 6.1. Let R be a left and right Noetherian ring of finite global dimension. Then there is
a one-to-one correspondence between the exact chain complexes over R and the A-modules in W.
Proof. Let E be an exact complex over R. Then Ext1(X,E) = 0 for every dg-projective complex
X . Consider Ψ(E) and let C be a Gorenstein-projective A-module. By [9, Propositions 3.6] and
the comments in the beginning of this section, there exists a unique dg-projective chain complex X
such that C = Ψ(X). We have Ext1A(C,Ψ(E)) = Ext
1
A(Ψ(X),Ψ(E))
∼= Ext1(X,E) = 0, by Lemma
6.1. It follows Ψ(E) ∈ W , since (GP ,W) is a cotorsion pair in AMod. The mapping E 7→ Ψ(E)
gives the desired correspondence.
In [8, Proposition 3.6], J Gillespie proves that if (A,B) is a complete cotorsion pair in RMod, then
(A˜, dgB˜) and (dgA˜, B˜) are cotorsion pairs in Ch(RMod). Moreover, if (A,B) is also hereditary,
then A˜ = dgA˜ ∩ E and B˜ = dgB˜ ∩ E . Since the pair (Pr, (Pr)
⊥) is complete by [4, Theorem
7.4.6], it follows that the class dgP˜r of dg-r-projective chain complexes is the left half of a cotorsion
pair (dgP˜r, (P˜r)
⊥ ∩ E). We have similar results for the classes of dg-r-injective chain complexes
and dg-r-flat complexes. Knowing these facts and using the previous corollary, we can prove the
following theorem, which extends the results presented in [9, Propositions 3.6, 3.8 and 3.10] to any
(Gorenstein) homological dimension.
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Theorem 6.1. The functor Ψ : Ch(RMod) −→ AMod maps:
(1) dg-r-projective complexes into Gorenstein-r-projective A-modules,
(2) dg-r-injective complexes into Gorenstein-r-injective A-modules, and
(3) dg-r-flat complexes into Gorenstein-r-flat A-modules.
If R is a left and right Noetherian ring of finite global dimension, then the inverse functor Φ :
AMod −→ Ch(RMod) maps:
(1’) Gorenstein-r-projective A-modules into dg-r-projective complexes,
(2’) Gorenstein-r-injective A-modules into dg-r-injective complexes, and
(3’) Gorenstein-r-flat A-modules into dg-r-flat complexes.
Proof. We only prove (1) and (1’). Let X ∈ dgP˜r and consider Ψ(X) along with a partial left
projective resolution 0 −→ C −→ Pr−1 −→ · · · −→ P0 −→ Ψ(X) −→ 0. We show that C is
a Gorenstein-projective A-module. Consider the complex Φ(C) and let E be an exact complex.
We have Ext1(Φ(C), E) ∼= Ext1(X,E′), where E′ ∈ Ω−r(E). Note that E′ ∈ (P˜r)
⊥. In fact,
if Z ∈ P˜r then Ext
1(Z,E′) ∼= Extr+1(Z,E) = 0. Also, it is easy to check that E′ ∈ E . So
E′ ∈ (P˜r)
⊥ ∩ E = (dgP˜r)
⊥. It follows Ext1(Φ(C), E) ∼= Ext1(X,E′) = 0, for every E ∈ E . In
other words, Φ(C) is dg-projective, and by [9, Propositions 3.6] we have that C = Ψ(Φ(C)) is a
Gorenstein-projective A-module.
Now suppose that R is a left and right Noetherian ring of finite global dimension. Note that Ψ and
Φ also define an one-to-one correspondence between r-projective complexes over R and r-projective
A-modules. Let X ∈ (P˜r)
⊥ and consider Ψ(X). LetM be an r-projective A-module. Then Φ(M) is
an r-projective complex. We have Ext1A(M,Ψ(X))
∼= Ext1(Φ(M), X) = 0. It follows Ψ(X) ∈ (Pr)
⊥.
Hence, Ψ and Φ give rise to a one-to-one correspondence between (P˜r)
⊥ and (Pr)
⊥. Also, by
the previous corollary, we have also have a one-to-one correspondence between E and W . Since
(dgP˜r)
⊥ = (P˜r)
⊥ ∩ E and (Pr)
⊥ ∩ W = (GPr)
⊥, we have that a complex Y is in (dgP˜r)
⊥ if and
only if Ψ(Y ) is in (GPr)
⊥. Since dgP˜r =
⊥((dgP˜r)
⊥) and GPr =
⊥((GPr)
⊥), we have that Φ maps
Gorenstein-r-projective A-modules into dg-r-projective complexes.
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